This procedure is illustrated in Fig-
ure 2 in which the center of the area of
uncertainty remaining after block 3 is
indicated by the square marked 3.
The first pilot experiment, marked by
a circle 4, gives a yield of 929%, the
same as at 3. Since this suggests im-
mediately that there must be a high
point in the portion between 3 and this
experiment, the fourth block is located
at point 4. Since there are in this case
only two independent variables, the
new contour tangent is a line, identical
with that between 3 and 3'. The pilot
experiment, shown as point 5, gives
an increase (93%), indicating the
need for a second, indicated by a tri-
angle. Its yield being also 939% there
must be a high point between these
two pilot experiments. Block 5 is
located arbitrarily at the first.

CONCLUSIONS

The contour tangent search method
is an elimination technique of the
Kiefer-Johnson type rather than a
climbing method of the sort proposed
by Box and Wilson. The proposed
method can be modified so that it will
climb, or at least not descend. Funda-

mental to the practical success of the
contour tangent method is that the
response surface be strongly unimodal
as defined in the article and that the
experimental error be small. The tech-
nique is not affected by the scales of
measurement selected, and the need
for extrapolation is avoided by exploit-
ing the global property of strong uni-
modality.

NOTATION

A.(x:)= hyperarea (element of inte-
gration)

a,b = fixed points in experimental
region

m; = ith slope coefficient

f

r

r#

8

point on response surface
summit of response surface
minimum value of ith inde-
pendent variable

t. = maximum value of ith inde-
pendent variable

v(x) = maximum hypervolume

u(x™) = minimax hypervolume

vV = hypervolume

X = variable point in experimental
region

x = midpoint

x" = minimax point

= center of volume

= centroid
= dependent variable
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Dispersion in Laminar Flow by

Convection and Diffusion

Recent interest in residence time
distributions has developed from a
recognition of the effects which these
distributions can have on the perform-
ance of chemical reactors and contact-
ing units. Efficient operation of such
equipment often requires that the
holding times be confined to a narrow
range. Knowledge of the way in which
established fluid-mechanical conditions
affect residence time distributions is
needed for improvement of current
design methods.

This paper considers one of a class
of residence time distribution function
models which has not previously re-
ceived attention, multidimensional dif-
fusion-convection models which can-
not be simplified to equivalent one-
dimensional models. The specific model
chosen for study is the transient con-
vection-diffusion encountered during
laminar flow in round pipes, but the
method of treatment is applicable to
any flow-diffusion situation in ducts of
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constant cross section through which a
fluid is flowing with a known, steady
velocity profile. The attack differs from
earlier residence time distribution func-
tion studies in retaining the inherent
two-dimensional nature of the diffu-
sion-convection process. The results,
unlike those of previous studies, are
not always equivalent to simple one-
dimensional models, and they are
capable of explaining differences be-
tween observed residence time distri-
bution functions in similar systems and
the predictions of these simple models.

The residence time or holding time
distribution function is perhaps best
defined as the fraction of material in-
troduced into a system at a time ¢ = 0
which appears at the outlet of the sys-
tem between ¢t and ¢ + dt (8). The
residence time distribution function
may also be regarded as a probability
distribution or as the response of a
flow system to a unit impulse input.
When a system is not unidimensional,
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the fraction of material leaving the sys-
tem at any time must generally be de-
termined by integration over a surface
normal to the direction of outflow as
indicated in Equation (1):

_ JslV(A)C(A) — D.VC]dA

Qe _
_VAC.,

Q

PREVIOUS RESIDENCE TIME
DISTRIBUTION FUNCTION STUDIES

Studies of the relationship between
fluid mechanical conditions and the
residence time distribution function
have taken two opposite points of
view: either known fluid mechanical
conditions have been used to predict
the residence time distribution func-
tion, experimental measurements of
which have been used to confirm the
analysis, or residence time distribution
function measurements have been used

f(&)

(1)
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to suggest fluid mechanical models for
complex systems. Only a few studies
appear to have taken the point of view
first mentioned; of these studies the
most important seem to be those of
Taylor and others who favored his
approach. In Taylor’s first paper on
this subject, dispersion of a soluble
tracer during laminar flow in an open
tube was studied (I16). Variation of the
axial velocity with radial position and
radial transport of material by molecu-
lar diffusion were assumed to be the
dominant dispersion mechanisms as in-
dicated in Equation (2):

#°C 1 8C
p.[2C 10]
or + r or
r 1 aC ac
Ug[l__‘]———=-——-
R*J 9Z ot (2)

Taylor offered limited solutions for
Equation (2) when the effect of either
the velocity profile or the molecular
diffusion could be neglected. When
the time for convective transport to
effect a change in concentration was
long compared with the time for decay
of radial concentration gradients by
molecular diffusion, Taylor assumed
that the tracer concentration could be
considered dependent only on axial
position and time. The criterion for
this assumption was expressed semi-
quantitatively as in Equation (3):

L >> B 4L"Dn, >> 0.277
U, (3.8)*D,,” U,R? '
(3)

When the decay of radial concen-
tration gradients could be considered
complete, Equation (2) was found to
be equivalent to Fick’s law for molecu-
lar diffusion in a moving coordinate
system:

0°C o 0C e
— = (4)
0Z, at
In Equation (4), Z, is the axial dis-
tance relative to a plane moving at the
mean fluid velocity, and K, the virtual
coeflicient of diffusion, is a function of
tube radius, center-line velocity, and
molecular diffusivity:

K = R*U,2/192D.. (3)

The solution of Equation (4) for
introduction of a unit impulse at time
equal to zero was well known from
molecular diffusion studies (7):

K

1
2 o eeee———— — Z —
Cn..mR (LKD) exp [— (
1, U,t)?/4Kt] (6)
Spatial  concentration distribution

was a Gaussian with mean at the dis-
tance traveled at the average velocity
between zero time and the instant
under consideration. The residence
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time distribution however is defined as
the variation of outlet concentration
with time at a fixed point and could
appear as a symmetric Gaussian curve
only when the spatial distribution did
not change appreciably while passing
the measurement point, as noted by
Levenspiel and Smith (12).

The assumption that material trans-
port by axially-directed molecular dif-
fusion is negligible compared with
axial transport by convection is inher-
ent in Equation (2) and consequently,
limits the applicability of Equations
(5) and (8). Taylor considered this
problem in a subsequent paper (17)
and showed that his derivation was
valid when the molecular diffusivity
was sufficiently small compared with
K, the virtual diffusion coeflicient. Aris
(1) removed this restriction by demon-
strating theoretically that Equation (6)
was valid whenever the criterion of
Equation (3) was satisfied if the vir-
tual diffusion coefficient was defined as
the sum of K and the molecular diffu-
sivity. During a study of liquid dis-
persion in long capillary tubes Black-
well (2) obtained virtual diffusion co-
efficients which agreed with those de-
fined by Aris.

For situations in which the mini-
mum residence time (for example
L/U,) was sufficiently short Taylor
(16) showed molecular diffusion to
have no appreciable effect on the radial
concentration gradients, and the mo-
lecular diffusion term in Equation (2)
could be neglected. The residence
time distribution function for this case
can be calculated from only the lami-
nar velocity profile, as noted by Bos-
worth (3); it is dependent upon the
residence time and minimum residence
time:

f(t) = 0 t < ta
f(t) = 267/ t=t, (7)

When both diffusion and convection
are equally important in effecting dis-
persion, the limiting residence time
distribution functions of Equations (6)
and (7) cannot be utilized, and in-
stead a solution of the general diffu-
sion-convection equation [Equation
(2)1 is required.

In a later paper Taylor (18) applied
the method of analysis used for lami-
nar flow to turbulent flow through open

aC

UaR*C (8, £,{ = 0) = §(¢)

E=0

tubes and showed experimentally that
the observed dispersion could be de-
scribed by an effective axial diffusion
mechanism superimposed on plug flow.
Several investigators (4, 9, 13, 14)
have used this model for studying dis-
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persion in packed units. Inability to
reproduce the degree of skew of the
experimental residence time distribu-
tion functions has been the mode of
failure of the effective diffusion model
in these applications (4). Since dis-
persion in these complex systems is the
result of coupled axial convection and
radial diffusion and not axially-directed
diffusion as the mathematical model
states, a two-dimensional model might
be able to explain the skewness of ex-
perimental residence time distribution
tunctions better than the more limited
unidimensional model.

Therefore the reasons for seeking a
generalized solution of Taylor's flow-
diffusion problem extend beyond the
need for predicting residence time dis-
tribution functions for only laminar
flow situations; the conclusions drawn
from this study may be applied quali-
tatively to turbulent flow through open
and packed tubes, the method of solu-
tion may be extended to velocity pro-
files other than the laminar one, and
the main characteristics of two-dimen-
sional residence time distribution func-
tion models may be delineated.

OUTLINE OF THE MATHEMATICAL
DEVELOPMENT

Equation (2) describes the varia-
tion of tracer concentration with time
at a point in a cylindrical pipe. Molec-
ular diffusion in the radial direction
and convection in the axial direction are
taken to be the methods of material
transport. Angular symmetry is as-
sumed, and the diffusion coefficient is
considered to be independent of the
tracer concentration:

D [620 4 1 BC]
" ?1; r or
r ] aC aC
J1—= |5 =2 e
U[ R* J 9Z at ( )
Dimensionless groups are intro-
duced in Equation (8) for r, and Z:
¥C 1 aC
—_t———4(1-— &)
a¢* ¢ o (
oC _ oC R? )
3,  at Da.

Initial and boundary conditions for a
unit impulse input in concentration are
given in Equation (9):

_ac

0

=0
£=1

(9)

By taking the Laplace transform of
Equations (8) and (9) one can replace
the independent variable time by a
parameter s. The dimensjonless trans-
formed point concentration is denoted

by C, while gamma represents the di-
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mensionless Laplace par ameter:

v =sR*/4D,. (10)
az—?+l9—c—1~—4(1—fz)'
o0& ¢ o _
aC _
-‘52'-:470 (11)
.a__é =0;£ =0
ot £=0 0¢ fe1

Separation of variables is applied to
Equation (11) to obtain C as a func-

tion of £ {, and the dimensionless
parameter vy:

Cly, &0 = %;Bn'

exp(— b’ L) Eu(y, &) (13)

The eigen function E.(y, £) has the
form

Eﬂ('}': f) = eXP (_' bn 62) S\ ax.n fgk
= (14)
where 4., equals 1, and successive co-
efficients are calculated by use of
Equation (15):
Qi = Aee-vy,n [2b,.k —_
(bn2 + bn_')’)]/k2 (15)
Coeflicients of eigen function terms
which contain odd powers of ¢ are
found to be zero by applying the
boundary condition at the center line.
This eigen value expansion was sug-
gested by Lauwerier (11) in his study
of the mathematical functions which
arise in problems involving diffusion
and chemical reaction during laminar
flow. It is used in this solution be-
cause of the rapid convergence which
it offers in comparison with the con-
vergence of an ordinary power series
expansion.
The nth eigen value b, must satisfy
the boundary condition at the pipe

wall:
aEﬂ(7> {:) = O
0 Jt=1
=—b, i Qrn + i: kaya

(18)

Eigen constants B, are evaluated
ﬁom __the axial boundary condition
Uerz.C {y,€ L =0) =1 and the ortho-
gonality property of the eigen func-

tions:
1 fLé(1—@)E.(y, &)de

UzR* [ &(1— E)E. (v, &)de
(17)
Integration of the point concentra-
tion in accordance with Equation (18)
for constant zeta yields the Laplace
transform of the residence time distri-

Bn
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UaR'C (v,4,(=0) =1

bution function C.:
C. = UnRCuel7, L= 0) = i B, -
— bl
[exp( c)] _ﬁf(l—fz)df
(18)

(12)

Inversion of Equation (18) to ob-
tain the residence time distribution
function requires the use of a long
calculation procedure. Actually the in-
version is unnecessary, since param-
eters which characterize the residence
time distribution function can be ob-
tained directly from the transformed
equation. These parameters are the
moments about the mean or central
moments.

Van der Laan (19) showed that the
moments about the origin could be
found by evaluating derivatives of the
Laplace transform with respect to s at
s equal to zero, as indicated in Equa-
tion (19):

(—1)"aw= (—1)" ¢ f(£)dt
(—1)* e e f(2)dt Js= 0

&"f(s)
as"

s =0

to"
sto = 0

aC,
a(st,)"

(19)

Central moments can be evaluated
from the moments about the origin
and the value of the mean. Expressions
for the second and third central mo-

ments are given in Equation (20)
(6): 2
Mz = Qg —

e = oz — 3oy ax + 2, (20)

Because gamma appears as a param-
eter in the expression for the eigen
function, eigen values and eigen con-
stants are evaluated for different val-
ues of gamma. At a fixed axial position
the transformed residence time distri-
bution function value is expressed
numerically by a series of gamma val-
ues and corresponding C, values. The
equation describing the steady state
concentration variation due to first-
order reaction and diffusion in laminar
flow wunder isothermal conditions is
identical with Equation (11) when s
is replaced by the reaction rate con-
stant. This problem was solved by
means of finite difference techniques
by Cleland and Wilhelm (5) for
boundary conditions which in the pres-
ent study correspond to introduction
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of a unit impulse. Since the number of
gamma values used by Cleland was
insufficient for the purposes of this
study, an I.B.M.-650 electronic data
processing machine was programmed
to perform the necessary calculations.
Wissler and Schechter (20) have also
developed a program similar to the
one written for this study. Published
concentration values for their program
corresponded to the same gamma val-
ues covered by Cleland.

Moments about the origin are ob-
tained by evaluating the coeflicients of
a polynomial fitted to curves of the
transformed residence time distribution
function as a function of the gamma-
zeta product (y'{) or the equivalent
expression si,:

C.(sto, &) = Co(0, 1) +
aC,

—_— P N
Sto
a( )m“ 0
awa, st n
TR (n‘l 4o (21)
ost, =0

Values of both the minimum resi-
dence time t, and the diffusion param-
eter zeta are needed to specity the
moments about the origin and central
moments found from Equation (21).
The dependence of the central mo-
ments on the minimum residence time
can be eliminated by dividing the nth
central moment by the mean residence
time o, raised to the nth power:

A A
pa = ol %} pin = pa i (22)

These dimensionless central moments
depend only on zeta.

RESULTS

The computer output consisted of
values of the Laplace transform of the
residence time distribution function
C,(st,) for gamma values between
0.05 and 11 with zeta as parameter
ranging from 0.01 to 8.0. Four eigen
functions were used to determine the
transformed residence time distribution
function values. Since the fourth eigen
function was found to contribute
1.8% or less to C,(st,) for the zeta
range of interest, calculation of a fifth
eigen function was considered unnec-
essary.

Previous investigators had proposed
one-dimensional models for the lami-
nar flow residence time distribution
function appropriate when the action
of either the velocity profile (3) or
molecular diffusion (16) determined
the extent of fluid mixing. Comparison
of the general solution with these one-
dimensional models was sought to as-
certain that the general solution repre-
sented a plausible transition of the

March, 1963



0.9

0.6

o)

\\K‘;;:m
N [ —
\ . “‘\NM

S \\\ %
\ S {-0.04

\\ ey V‘\\\

\\ 3.

N >N

0.4

LN

GENERAL SOLUTION
CONVECTION MODEL

\ —— =—— EFFECTIVE DIFFUSION MODEL
0.2

0 ! 2 3 4

| \\Fj\o%_h
o

5 6 7 8 9 10
7

Fig. 1. Comparison of transformed residence time distribution function-gamma

function for the two-dimensional solution with limiting one-dimensional models,

At zetas of 0.01 and 0.04 the one-dimensional residence time distribution function

depends only on the velocity profile; at zetas of 0.1 and 0.5 the effective axial
diffusion model is the one-dimensional form.

laminar flow residence time distribution
function between these limiting cases.

When the minimum residence time
is short compared with the time for
decay of radial gradients by diffusion,
zeta is small. For this condition the
velocity profile is the determining dis-
persion mechanism and the convection
model [Equation (7)] represents the
laminar residence time distribution
function. In Figure 1 the Laplace
transform of this function and the gen-
eral solution are seen to converge as
zeta decreases from 0.04 to 0.01. The
convection model predicts transformed
residence time distribution function
values within 1% of the general solu-
tion values at a zeta of 0.01 and with-
in 3.5% at zeta equal to 0.04.

For checking the general solution at
large zeta the transform of the solution
to the uniaxial effective diffusion equa-
tion shown in Equation (23) was ob-
tained for introduction of a unit im-
pulse at the inlet of a semi-infinite
pipe [Equation (24)]:

a°C, _9C, 0C.
D,——U = (23)
oZ* oz
aRUCAZ =0,8) = 8(t) (24)

Taylor’s expression for the virtual
diffusion coefficient for laminar flow
(K = RU,/192D,) was substituted
for D, to permit expression of the
transformed residence time distribution
function [Equation (25)] in terms of
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gamma and zeta, the variables used in
the general solution:

f(s) = C,«RU =
exp [40(8 —V3(8 +v))] (25)

In Figure 1 the general solution is
seen to approach the effective diffusion
model [Equation (25)] at zeta values
near 0.5. Values of the transformed

residence time distribution function
predicted by the effective diffusion
model are within 1% of the general
solution values at zetas exceeding 0.7.

Thus it is seen that the general
solution represents the residence time
distribution function during laminar
flow for the extreme cases of dispersion
controlled by convection or molecular
diffusion, as well as for conditions
when both dispersion mechanisms
merit consideration.

Any statement of the zeta range for
which the general solution must be
employed depends on the extent of
agreement between the general solu-
tion and simple models required for
acceptance of the simpler model. For
example if the one-dimensional models
are considered adequate when they
predict transformed residence time dis-
tribution function values within 1%
of the C,(st,) values, the general solu-
tion must be used to represent the
laminar residence time distribution
function for zetas between 0.01 and
0.7.

Moments

At constant zeta moments of the
residence time distribution function
about the origin were found by fitting

a polynomial to the C, — st, function
in accordance with Equation (21).
Curve fitting was accomplished with
the Gregory-Newton interpolation pro-
cedure (10) for evenly-spaced abscissas.
For zeta values between 0.01 and 2.0
the number of points employed for
fitting varied from twelve to nine; in
general, only six points were available
for calculations at larger values of
zeta.
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Fig. 2. Variation of u: with zeta for the two-dimensional residence time
distribution function,
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Two tests were made to check the
accuracy of the moments determined
by interpolation. In a study of continu-
ous flow systems Spalding (I14) dem-
onstrated theoretically that the mean
residence time was equal to the vol-
ume between the inlet and outlet
divided by the volumetric flow rate
when no diffusion occurred across the
inlet and outlet planes. Hence one can
conclude for the present case that the
first moment about the origin should
be twice the minimum residence time,
or the coeflicient of the linear term in

a polynomial fit to the C, — st, func-
tion should equal —2. Values of the
linear coefficient differed from (—2)
by less than 1% at twenty-four zeta
values between 0.032 and 8.0; at zetas
of 0.01, 0.016, and 0.024 the calcu-
lated coefficients deviated from the
predicted value by less than 3%.

As a second test two different sets

of C.(st,) values were fitted at zetas
of 0.2, 0.3, 0.4, and 0.5. At each zeta
second moments about the origin were
found to be in agreement within 19
of the smaller value. Third moments
agreed within 2.5% at zetas of 0.2 and
0.3 and within 10 and 4% at zetas of
0.4 and 0.5 respectively.

These tests indicated that the inter-
polation procedure provided first and
second moments of sufficient accuracy
for the zeta range in which the general
solution is applicable; however uncer-
tainties in the third moment could limit
the usefulness of the interpolation pro-
cedure as zeta increased. For this rea-
son, and because fewer points were
used for curve fitting at high zetas,
only third moments for zetas less than
0.5 were considered in developing the
following discussion.

Figure 2 presents the dimensionless

variance ;Azﬂ as a function of zeta for
the two-dimensional diffusion-convec-
tion solution. When zeta is large, the
figure shows that the one-dimensional
diffusion model and the general solu-
tion yield equivalent results. This
agreement is expected from the ap-
proach of the C, — y function for the
general solution to that of the effective
diffusion model as zeta increases
(Figure 1). Comparison of the general
solution with the variance-zeta func-
tion of the convection model [Equa-
tion (7)] was not made because this
model predicts infinite values of all
moments greater than the first. In
previous investigations (4, 9) the mean
and second central moment of a meas-
ured residence time distribution func-
tion have been used to determine the
parameters of simple, one-dimensional
models proposed to represent fluid
mixing in the experimental system.
The primary indication that simple
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models such as the series perfect mixer
and effective diffusion models are in-
adequate has been their inability to
predict the high skewness of the resi-
dence time distribution functions for
some systems to which they have been
applied (4). The third central mo-
ment of any distribution is a measure
of skewness, having a value of zero for
symmetric distributions and positive
values for residence time distribution
function curves exhibiting tails.

In Figure 3 dimensionless third cen-

tral moments ;AL,; are plotted against
dimensionless second central moments
for three cases: the general solution
developed in this paper and the two
simple models just mentioned. (For

A

the solution developed in this paper g,

values between 0.2 and 8.0 correspond

to values of zeta between 0.5 and 0.01
A A

respectively,) The ps — p function
was chosen for presentation to stress
differences between the residence time
distribution functions of the general
solution and those predicted by the
one-dimensional cases, on the assump-
tion that the appropriateness of a
given model is to be judged by match-
ing the first and second moments of
the observed residence time distribu-
tion function to the two free param-
eters of either simple model and then
comparing the observed skewness with
that predicted.

For large values of ;\Lz (correspond-
ing to short systems) the skewness of
the generalized solution exceeds by an
order of magnitude those of the one-
dimensional models. At intermediate
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A
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us for the general solution ond two one-di-
mensional models.
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values of ;\4” (increasing values of ()

A
s for the generalized solution remains
much larger than the one-dimensional
values but begins to approach them.

At low values of ;L the uncertainty in
the computations reported here is
greatest, but the third central moments
clearly show little absolute difference.
In view of the close correspondence of

the C, — y functions for uniaxial dif-
fusion and the generalized solution
under conditions of large zeta, it

seems likely that the ,AALa’s for these two
cases coincide in the limit.

The distinguishing characteristic of
the general solution appears to be its
ability to predict more highly skewed
residence time distribution functions
than either one-dimensional model of
equal mean and variance. Since failure
of one-dimensional models to reproduce
experimental residence time distribu-
tion functions has taken just this form,
one may conclude, at least for some
systems, that consideration of disper-
sion mechanisms which represent the
simultaneous, distributed eftects of con-
vection and diffusion will explain fluid
mixing better than effective one-di-
mensional dispersion mechanisms. The
ability to represent residence time dis-
tribution functions exhibiting long
tails is expected of solutions of the
two-dimensional ~ convection-diffusion
equation for other radially dependent
velocity profiles.

Figure 3 also suggests comparison of
third moments for a measured resi-
dence time distribution function and
dispersion models of equal variance to
determine the model which best repre-
sents the physical system. When such
a comparison is made at a variance
value for which the third central mo-

ments differ greatly, as for ;2, values
between 1 and 10 in this study, the
best model may be readily distin-
guished.

Effect of Axial Diffusion on the
Transformed Residence Time Distribution
Function

In the solution of the general diffu-
sion-convection equation transport in
the axial direction due to molecular
diffusion was considered to be negligi-
ble compared with transport due to
convection. To estimate the experi-
mental conditions for which this as-
sumption is valid an axial diffusion
term was introduced into the two-di-
mensional equation [Equation (2)].
The Laplace transform of the resi-
dence time distribution function for
this expanded convection-diffusion
equation was found to be equal to the
expression given in Equation (26) for
any value of zeta:
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The second term on the right-hand
side had been evaluated in accordance
with Equation (18). Equation (13)
was used to calculate the integral por-
tion of the first term on the right-hand
side. The value of the dimensionless
group UR/D, which made the axial
integral term equal to 0.001 was as-
sumed to define the limiting physical
conditions for which the solution pre-
sented in this paper is valid.

The axial diffusion integral attained
a maximum value of 47.0 for the
gamma and zeta range employed in
this study, whence axial diffusion
could be considered negligible if the

parameter UR/D, assumed a mini-
mum value of 434.

When one uses this dimensionless
specification on the diffusional behavior
of the system in conjunction with the
requirement on the fluid mechanical

behavior of the system, 2UR/» < 2,000,
the condition for ignoring axial diffu-
sion can be given as a limit on the
Schmidt group »/D. > 0.434. For lig-
uids and most gases at atmospheric
and higher pressures this condition is
met.

SUMMARY

1. A solution has been developed
for the two-dimensional convection-
diffusion equation for laminar flow
which makes no assumption concerning
the relative importance of radial diffu-
sion or axial convection as dispersion
mechanisms. The general solution can-
not be approximated by one-dimen-
siona] dispersion models for a definite
range of operating conditions.

2. A method has been developed for
determining the moments of the lami-
nar residence time distribution function
in its range of application. Use of the
third central moment in determining
the model which best predicts an ex-
perimental distribution has been dem-
onstrated.

3. The solution of this paper has
been shown to predict more skewed
distributions than  one-dimensional
models of equal mean and variance,
suggesting that these results may help
in some cases to reconcile theory with
experience.

4. The effect of the assumption of
negligible axial diffusion has been con-
sidered, and the solution appears to be
applicable for a wide range of liquid
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flow conditions; it is also acceptable
for gas flow situations at atmospheric
pressure and above.
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NOTATION

A = outlet area

arn = kth coefficient of the expan-
sion for the nth eigen function

b, = nth eigen value

B = nth eigen constant

C(A) = point concentration at outlet
resulting from a tracer pulse
input

VC = concentration gradient per-
pendicular to outflow area

C = point concentration
C., = area mean concentration
C.. = mixing cup average concen-

tration
C.,C.. = Laplace transforms of the
corresponding concentrations
C, = UrR’C,, = Laplace transform of
the two-dimensional residence
time distribution function

-

D,, = molecular diffusivity

D, = effective axial diffusivity

E.(y,£) = nth eigen function

f(¢) = residence time distribution
function

f(t)dt = fraction of material leaving
system between ¢t and ¢ + dt

f(s) = Laplace transform of the resi-
dence time distribution func-
tion

K= RU.*/(192D,) = effective axial
diffusion coeflicient for lami-
nar flow as defined by Taylor

L* = length of tracer distribution in
tube

L = distance between tracer inlet

and measurement point

Q@ = total quantity of material in-

jected into system at ¢t = 0
= radial coordinate

tube radius

= Laplace parameter

= time measured from introduc-

tion of tracer

t,= L/U, = minimum residence time
for tracer

U, = center-line velocity for laminar
flow

U= U,/2 = average fluid velocity

V(A) = point velocity perpendicular to
outflow area

~ 0 m*}
I

\% = average velocity perpendicu-
lar to outflow area
Z = axial coordinate measured

from tracer inlet

A.1.Ch.E. Journat

Z,=7Z—3(U.t) = axial position rel-
ative to a coordinate system
moving with the mean fluid

velocity
Greek Letters
a. = nth moment about the origin
o = mean residence time
T
¢ = i dimensionless radial coordi-
nate
8(t) = Dirac delta function
. 47D.,, di ion] ial
= = dimensionless axial co-
U.R*
ordinate, or dispersion param-
eter
R dimensionl Lapl
= = dimensionless aplace
* 4D, P
parameter
p. = nth central moment
P
pn = —— = dimensionless nth central
[£3]
moment
v = kinematic viscosity
Subscripts
kn = integers 0, 1,2 ....
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